We prove a Poincaré duality for the Chow rings of smooth fans whose support are tropical linear spaces. As a consequence, we show that cycles and cocycles on tropical manifolds are Poincaré dual to each other. This allows us to define pull-backs of tropical cycles along arbitrary morphisms with smooth target. arXiv:1910.04805v1 [math.AG] 
INTRODUCTION
Much of the development of tropical geometry and tropical intersection theory has been based on two theorems proven in [FMSS95] . Theorem 1in [FMSS95] gives an explicit expression of the Chow ring A * (X Σ ) of a smooth toric variety X Σ in term of its fan Σ, and Theorem 3 in [FMSS95] shows that A * (X Σ ) is a Poincaré duality ring of dimension dim X Σ if X Σ is complete. Together, these theorems have led to the description of A * (X Σ ) via Minkowski weights given in [FS97] that has been vital in the definition of the tropicalization map [Tev07, ST08, Kat09] and in tropical intersection theory [FS97, AR10, Kat12] .
If X Σ is not complete, the combinatorial expression for A * (X Σ ) in [FMSS95] still applies, but it is generally not a Poincaré duality ring and cannot be described by tropical cycles on Σ.
Our first main result states that, in the case where the support |Σ| of Σ is a tropical linear space, the ring A * (X Σ ) is a Poincaré duality ring of dimension dim(Σ).
Theorem A (= Theorem 3.7). Let Σ be a smooth fan in N R such that |Σ| is a tropical linear space. Then the Chow ring A * (X Σ ) of its associated toric variety X Σ is a Poincaré duality ring.
A similar result is proven for the rational Chow ring in [Adi18, Theorem 3.5], where the proof relies on the topological properties of the tropical linear space |Σ|. For our application in tropical intersection theory, the rational case is not enough, since tropical cycles have integer weights. The case of integer coefficient is at the heart of the combinatorial Hodge theory developed in [AHK18] , where it has been shown that A * (X Σ ) has Poincaré duality in the special case that Σ is the 'fine subdivision' on a tropical linear space. Our proof of Theorem A uses, among other things, this special case as well as the weak factorization theorem for toric varieties. A different description of A * (X Σ ) in terms of piecewise polynomial functions has been given in [Bri96] . This has led to the concept of tropical cocycles in [KP08, Fra13] . For every boundaryless rational polyhedral space X, the ring of tropical cocycles C * (X) acts on the group of tropical cycles Z * (X) via the intersection pairing
If X is a tropical manifold, then Z * (X) can also be endowed with a ring structure [FR13, Sha13] using the tropical intersection product. In this case, it has long been expected that intersecting tropical cocycles with the fundamental cycle [X], the unity in Z * (X), defines an isomorphism of rings. Our second main results confirms this expectation.
Theorem B (= Theorem 4.5). Let X be a boundaryless tropical manifold. Then the morphism
is a an isomorphism of rings.
In [Fra13] this was shown to be true in some special cases: when the underlying space of X is a topological manifold, and without additional assumptions on X in the codimension-1 and codimension-dim X graded pieces of the rings.
Note that our exposition of tropical cocycles in §4.3 also fixes the inaccuracies in their development in [Fra13] (see Remark 4.2).
The isomorphism of Theorem B is an important step in the development of tropical intersection theory. Namely, it allows one to pull back tropical cycles along any map with smooth target.
Corollary C (= Corollary 4.6). Let f : X → Y be a morphism from a boundaryless rational polyhedral space X into a boundaryless tropical manifold, and let A ∈ Z * (X). Then there exists a unique pull-back morphism
Previously, the existence of the pull-back has only been known in the special case where both X and Y are tropical manifold [FR13] . We should also note that Theorem B can be used for an alternative definition of the tropical intersection product, replacing the tropical modifications used in [Sha13] and the diagonal argument in [FR13] by the use of tropical cocycles.
PRELIMINARIES
Notation. Throughout this paper, N will denote a lattice and M = Hom(N, Z) will denote its dual. The symbol Σ will always denote a smooth rational polyhedral fan in N R = N ⊗ Z R. We denote the set of its k-dimensional cones by Σ(k), and for each of its rays ρ ∈ Σ(1) we denote its primitive generator by u ρ ∈ N. The evaluation pairing M × N → Z will be denoted by ·, · .
2.1. Conical sets and fans. We refer to [CLS11] for background on rational polyhedral cones and fans.
A conical rational polyhedral set in N R is a union of finitely many rational polyhedral cones. The lineality space lineal(P) of a conical rational polyhedral set P ⊆ N R is the set of all w ∈ N R such that P + λ w ⊆ P for all λ ∈ R. An isomorphism between two conical rational polyhedral sets P ⊆ N R and Q ⊆ N R is a map P → Q that can be extended to an integral linear isomorphism Span(P) → Span(Q). A fan structure on a conical rational polyhedral set P in N R is a rational polyhedral fan Σ in N R whose support |Σ| is P. The local cone of a conical rational polyhedral set P at a point p ∈ P is given by the set
This is a conical rational polyhedral set in N R again, and it only depends on an open neighborhood of p in P.
A rational polyhedral fan Σ in N R is smooth if every cone σ ∈ Σ is the positive hull of elements u 1 . . . , u k ∈ N that can be completed to a basis of N. If Σ is a rational polyhedral fan in N R and σ ∈ Σ, then the star of Σ at σ , denoted by S Σ (σ ), is the rational polyhedral fan in N R / Span(σ ) = (N/(Span(σ ) ∩ N)) R whose cones are the images under the projection N R → N R / Span(σ ) of the cones of Σ containing σ . If σ is a cone of a smooth rational polyhedral fan Σ in N R , and u 1 , . . . , u k are the primitive generators of the rays of σ , then then the stellar subdivision Σ (σ ) of Σ at σ is the unique smooth rational polyhedral fan in N R that refines Σ and has exactly one ray more than Σ, namely the ray spanned by ∑ k i=1 u i . 
where w e denotes the coordinate of w corresponding to e ∈ E. We denote by L M the intersection of all sets H C , where C ranges over all circuits of M. It is a conical rational polyhedral set in R E . The all-one vector 1 ∈ R E is contained in the lineality space lineal( L M ). Therefore, the quotient
is a conical rational polyhedral set in R M /R1. Any conical rational polyhedral set P isomorphic to L M , for some loop-free matroid M, is called a tropical linear space.
There are several important fan structures on L M , one of them being the fine subdivision introduced in [AK06, §3], which we will denote by Σ M .
2.3. Chow rings of fans and toric varieties. For a smooth fan Σ in N R we consider the commutative graded ring
freely generated by the rays of Σ. Here, the monomials x ρ for ρ ∈ Σ(1) have degree 1. Let I Σ ⊆ S(Σ) be the ideal generated by the square-free monomials ∏ k∈K x k for all subsets K ⊆ Σ(1) that do not span a cone of Σ. Let J Σ ⊆ S(Σ) be the ideal generated by the elements is called the Jurkiewicz-Danilov ring or the Chow ring of Σ. As implied in the notation, we will consider both SR * (Σ) and R * (Σ) as N-graded rings, with grading induced from S * (Σ). Let X Σ denote the smooth toric variety (over an algebraically closed field) associated to Σ, and let A * (X Σ ) denote its Chow ring. Consider the ring homomorphism
where [D ρ ] denotes the torus-invariant Weil divisor associated to ρ ∈ Σ(1). The induced a graded morphism
is an isomorphism by [Bri96, §3.1]. For every σ ∈ Σ, the monomial x σ = ∏ ρ∈σ (1) x ρ is sent to the class [V (σ )] associated to the closure of the orbit corresponding to σ via the orbit-cone correspondence. The description of A k (X Σ ) in [FMSS95] implies that the morphism (2.1)
a σ x σ is surjective, with kernel generated by the relations ∑ σ ∈Σ(k),τ⊂σ m, u σ /τ x σ for all τ ∈ Σ(k − 1) and m ∈ τ ⊥ . Here u σ /τ denotes any representative of the lattice normal vector of σ with respect to τ, i.e. any representative of the primitive generator of the ray σ /τ. In particular, the morphism in (2.1) induces an injection
onto the group MW k (Σ) of k-dimensional Minkowski weights as defined in [FS97, §3] .
Remark 2.1. In [Bri96] it is only stated that R * (Σ) Q → A * (X Σ ) Q is an isomorphism, but the proof given there actually works over the integers as well when one assumes that Σ is smooth, as opposed to only simplicial.
The Stanley-Reisner ring SR * (Σ) can also be described via piecewise polynomial functions. Let PP * Z (Σ) denote the ring of all continuous functions φ : |Σ| → R such that, for every σ ∈ Σ, the restriction φ | σ is given by a polynomial function with integer coefficients. Naturally PP * Z (Σ) is graded by the degree of the polynomials functions. For every ray ρ ∈ Σ(1) there is a unique function φ ρ ∈ PP 1 Z (Σ), called Courant-function, that has value 1 on u ρ and vanishes on all rays
. The elements of the ideal J Σ are mapped onto the linear functions in PP 1 Z (Σ) so, if LPP Z (Σ) denotes the ideal generated by linear functions, we obtain an isomorphism
It is shown in [Bri96] that the morphism R * (Σ) → PP * Z (Σ) described above is an isomorphism when tensored with Q, and Σ is only assumed to be simplicial. In our situation, where Σ is smooth, Brion's proof still works after replacing the rationals by the integers.
POINCARÉ DUALITY ON TORIC VARIETIES
3.1. Lineality spaces of tropical linear spaces. We need some basic results about tropical linear spaces. As we could not locate them in the literature, we will give brief proofs.
Following [Oxl11, §7.1], the parallel connection P(M 1 , M 2 ) of two matroids M 1 and M 2 with respect to two basepoints p 1 ∈ E(M 1 ) and
For simplicity we will assume that p := p 1 = p 2 and E(M 1 ) ∩ E(M 2 ) = {p}, in which case we can take E(P(M 1 , M 2 )) = E(M 1 ) ∪ E(M 2 ). Then P(M 1 , M 2 ) has precisely the following three types of circuits:
(1) All circuits of M 1 , (2) All circuits of M 2 , (3) (C 1 ∪ C 2 ) \ {p} for all pairs of circuits C 1 of M 1 and C 2 of M 2 such that p ∈ C 1 ∩C 2 .
Lemma 3.1. Let M 1 and M 2 be loop-free matroids, and let p 1 ∈ E(M 1 ) =: E 1 and p 2 ∈ E(M 2 ) =: E 2 . Let M = P(M 1 , M 2 ) denote the parallel connection of M 1 and M 2 with respect to the basepoints p 1 and p 2 . Then L M is isomorphic to the quotient of L M 1 ⊕M 2 by a 1-dimensional subspace of its lineality space. In particular,
Proof. We first observe that for every conical rational polyhedral set P we have P ∼ = (P/ lineal(P)) × lineal(P). Therefore, if L and L are subspaces of lineal(P) of the same dimension, we have P
, that maps 1 to the class of (1, 1).
To prove this, first assume that either p 1 is a coloop of M 1 or p 2 is a coloop of M 2 . Without loss of generality we may assume the former. By definition, M = (M 1 \ p 1 )⊕M 2 . In this case, the p 1 -th standard basis vector e p 1 ∈ R E 1 is contained in lineal( L M 1 ). Therefore, we have a chain of natural isomorphisms
the composite of which clearly maps 1 to the class of (1, 1). Now assume neither p 1 nor p 2 are coloops in M 1 and M 2 , respectively. As in the definition of the parallel connection, we may assume that p :
C ranges over all circuits of M of type (1) and (2) in the definition of the parallel connections, then it is automatically contained in H C for all circuits of M of type (3) as well. This happens if and only if the vector w| E 1 obtained by forgetting the coordinates corresponding to E 2 \ {p} is in L M 1 , and similarly w| E 2 ∈ L M 2 . In other words, the morphism
isomorphically onto the conical rational polyhedral subset of L 1 × L 2 where the two coordinates corresponding to p coincide. This induces an isomorphism
which clearly maps 1 to the class of (1, 1).
For the "in particular" statement, we note that if
In particular, we may take H = Span{(1, 0), (0, 1)}, in which case Proof. For the "if" direction we note that P ∼ = L × (P/L). So if P/L ∼ = B(M) for some loop-free matroid M and r = dim L then it follows from Lemma 3.1 that P is isomorphic to the linear space associated to a parallel connection of M and the uniform matroid U r+1 r+1 of rank r + 1 on r + 1 elements (with respect to any choice of base points). For the "only if" assume there exists a loop-free matroid M such that the quotient L M / lineal(L M ) is not a tropical linear space. We may assume that M has minimal rank among the loop-free matroids with this property. It follows that lineal(L M ) = 0, which is equivalent to M being disconnected by [ Proof. We may assume that |Σ| = L M for some loop-free matroid M. Let w ∈ relint(σ ). By [FR13, Lemma 2.2] the local cone LC w |Σ| is the tropical linear space associated to the matroid M w whose bases are the bases of M with minimal w-weight. The set | S Σ (σ )| is the quotient of LC w |Σ| by Span(σ ). Therefore, the quotients of LC w |Σ| and | S Σ (σ )| by their lineality spaces are isomorphic. Using Lemma 3.2, we conclude that | S Σ (σ )| is a tropical linear space.
3.2.
Poincaré duality rings and blow-ups. We first recall the definition of a Poincaré duality ring. 
The following result is one of the key ingredients in our proof of Theorem A. It is a slight generalization of [Pet16, Proposition 2.2] (with a similar proof), and of a purely algebro-geometric nature.
Proposition 3.5. Let Z be a smooth subvariety of codimension c > 1 of a smooth variety X, and let Y be the blow-up of X along Z. Assume that for some positive integer d the following three conditions on the Chow rings of X and Z are satisfied:
(1) A k (X) = 0 for all integers k > d, .7] we see that, for all k ∈ Z, there is an isomorphism
is free if and only if both A * (X) and A * (Z) are free. So if either A * (Y ) or both A * (X) and A * (Z) are Poincaré duality rings, then the condition of
being an isomorphism is equivalent to the push-forward
being an isomorphism. In this case, a combination of [Ful98, Theorem 3.3] and [Ful98, Proposition 6.7] shows that the morphisms
are isomorphism, so we can identify A d (X), A d (Y ), and A d−c (Z) with Z in a way compatible with these isomorphisms.
Having noted this, we can proceed analogously to the proof of [Pet16, Proposition 2.2]: by [Ful98, Example 8.3.9] the product in A * (Y ) of
It follows that, with the appropriate choice of bases, the pairing
can be expressed as a block-diagonal matrix, whose blocks are the matrices of the pairings Proof. Let d = dim Σ and c = dim σ . Then R k (Σ) ∼ = R k (Σ (σ )) ∼ = 0 for all integers k > d and R k (S Σ (σ )) = 0 for all integers k > d − c. Furthermore, Hom(R d (Σ), Z) is the group of d-dimensional Minkowski weights on Σ, which is isomorphic to Z by [FR13, Lemma 2.4] because |Σ| is a tropical linear space. In particular, R d (Σ) = 0, and similarly, R d (Σ (σ )) = 0 and R d−c (S Σ (σ )) = 0, the latter statement using Lemma 3.3. We conclude that if R * (Σ), R * (Σ (σ )), or R * (S Σ (σ )) are Poincaré duality rings, then they are Poincaré duality rings of dimensions are d, d, and d − c, respectively.
Let X = X Σ and X = X Σ (σ ) be the toric varieties (over an algebraically closed field) associated to Σ and Σ (σ ), respectively, and let Z ⊆ X be the torus-invariant closed subvariety corresponding to σ by the orbit-cone correspondence. Then Z is naturally isomorphic to the toric variety associated to S Σ (σ ) (and, in particular, is smooth), and X is the blow-up of X at Z. As explained in §2.3, there are natural isomorphisms R * (Σ) → A * (X), R * (Σ (σ )) → A * (X ), and R * (S Σ (σ )) → A * (Z). Using Proposition 3.5, this reduces the assertion to proving that the composite
where the morphisms in the middle is the push-forward of cycles, is an isomorphism. Note that this morphism is easy to describe on square-free monomials. If τ ∈ Σ(d) contains σ , then the monomial x τ/σ ∈ R d (S Σ (σ )) maps to the torus invariant cycle [V (τ/σ )] ∈ A d−c (Z), which is mapped to [V (τ)] ∈ A d (X) under the push-forward morphism. This, in turn, is mapped to x τ ∈ R d (Σ). By [FR13, Lemma 2.4], the group Hom(R d (Σ), Z) of ddimensional Minkowski weights on Σ is isomorphic to Z, and it is generated by the morphism R d (Σ) → Z mapping the monomial x τ corresponding to τ ∈ Σ(d) to 1. By what we just saw, the composite morphism displayed in (3.1) maps this to the morphism R d (S Σ (σ )) → Z that sends a monomial x τ/σ corresponding to a cone τ ∈ Σ(d) containing σ to 1. Again by [FR13, Lemma 2.4], this morphism freely generates the group Hom Z (R d−c (S Σ (σ )), Z) of (d − c)-dimensional Minkowski weights on S Σ (σ ). Therefore, the composite morphism displayed in (3.1) is indeed an isomorphism, finishing the proof.
We are now ready to prove Theorem A. We have restated it here in terms of Chow rings of smooth fans instead of Chow rings of toric varieties.
Theorem 3.7. Let Σ be a smooth rational polyhedral fan in N R such that |Σ| is a tropical linear space. Then its Chow ring R * (Σ) is a Poincaré duality ring.
Proof. We do induction on d = dim(Σ), the base case d = 0 being trivial. If d > 0, we may assume that |Σ| is supported on L M for some loopless matroid M. By [AHK18, Theorem 6.19], the statement is true for the fine subdivision fan structure Σ M on L M . By the weak factorization theorem for toric varieties (see [AMR99] and references therein), there is a sequence of star subdivisions and star assemblings (the inverses of star subdivisions) connecting Σ and Σ M . We thus reduce to showing that if σ ∈ Σ, then R * (Σ (σ )) is a Poincaré duality ring if and only if R * (Σ) is a Poincaré duality ring. By Proposition 3.6 and the induction hypothesis, it suffices to show that | S Σ (σ )| is a tropical linear space. This is true by Lemma 3.3, finishing the proof.
POINCARÉ DUALITY ON TROPICAL MANIFOLDS
4.1. Tropical fan cycles and piecewise polynomial functions. If Σ is a smooth fan in N R and ∆ is a smooth proper subdivision of Σ, then the induced proper morphism X ∆ → X Σ induces a morphism of abelian groups f : R * (∆) → R * (Σ), and a morphism of rings g : R * (Σ) → R * (∆), the first corresponding to the push-forward and the latter to the pull-back. Both of them have combinatorial descriptions.
We start with a description of f : R * (∆) → R * (Σ). If δ ∈ ∆(k), and σ is the minimal cone of Σ containing δ , then
The induced morphism
is given by the refinement of weighted fans (cf. [AR10, Definition 2.8]). Passing to the direct limit over all smooth fans with a given conical rational polyhedral support P, we obtain the group of tropical fan cycles introduced in [AR10, Definition 2.12]:
where the direct limit is taken over all smooth fan structures for P. If P is a tropical linear space, then Z fan dim P (P) ∼ = Z is freely generated by the cycle [P] represented by Minkowski weights having value 1 on all top-dimensional cones. Moreover, there is a tropical intersection product in this case, making Z fan * (P) into a ring with unity [P] (see [FR13, Sha13] ).
The morphism g : R * (Σ) → R * (∆) is more conveniently described using piecewise polynomial functions. It is the morphism PP *
. We can again pass to the direct limit over all smooth fans with a given conical rational polyhedral support P and obtain the ring of piecewise polynomial functions
If LPP Z (P) denotes the ideal in PP * Z (P) generated by the linear functions, then PP *
The ring R * (Σ), and hence also the ring PP * Z (Σ), acts on MW * (Σ) = Hom Z (R * (Σ), Z) via precomposition with the multiplication. In degree 1, every element in PP 1 Z (Σ) is a tropical rational function in the sense of [AR10] . There also is an intersection pairing of tropical rational functions with tropical fan cycles (see [AR10, Definition 3.4]). Proof. Let c ∈ MW k (Σ) be a Minkowski weight, and let φ ∈ PP 1 Z (Σ) be a piecewise linear function on Σ. We write c(x σ ) = c(σ ) when identifying MW k (Σ) with Hom Z (R k (Σ), Z). Let τ ∈ Σ(k − 1). We will compare the weights on τ of the two pairings of φ and τ. Because both are defined modulo integral linear functions, we may assume that φ | τ = 0 after potentially subtracting from φ an integral linear function that agrees with φ on τ. Let "·" denote the action defined via the multiplication on R * (Σ). The Minkowski weight φ · c has at τ the weight
If τ and ρ ∈ Σ(1) \ τ(1) span a k-dimensional cone σ , then x τ · x ρ = x σ and u ρ is a representative of the lattice normal vector of σ with respect to τ. Otherwise, x τ · x ρ = 0.
which is precisely the weight on τ of the intersection pairing of the tropical rational function φ and c considered in [AR10] .
Since PP * Z (Σ) is generated in degree 1, Lemma 4.1 shows that the action of PP * Z (Σ) on MW * (Σ) defined above agrees with with the action considered in [Fra13] . Because the intersection pairing of [AR10] is compatible with refinements, this also shows that we obtain an induced action of PP * Z (P) on Z fan * (P) for every conical rational polyhedral set P. Let X be a rational polyhedral space, let x ∈ X, and let U φ − → V ⊆ P be a chart around x. Then the isomorphism type of the local cone LC φ (x) (P) does not depend on the chart φ . We choose one such isomorphism class as the local cone of X at x and we denote it by LC x (X). By construction, there exists an open neighborhood of 0 in LC x (X) that is naturally isomorphic to an open neighborhood of x in X.
To define tropical cycles on rational polyhedral spaces we first recall that if P is a conical rational polyhedral set in N R , then any fan cycle A ∈ Z fan k (P) is defined by an integer valued function on P. If A is a represented by a Minkowski weight c ∈ MW k (Σ) for a fan Σ with |Σ| = P, then the support |A| of A is defined as the union of all cones σ ∈ Σ(k) such that c(σ ) = 0. This is independent of the representative c. Let |A| max denote the set of all w ∈ |A| that have a neighborhood which is an open subset of a linear subspace of N R . There exists a unique locally constant function |A| max → Z that has value c(σ ) on the relative interior relint(σ ) of all σ ∈ Σ(k) with σ ⊆ |A|. Extending this function by 0, one obtains an integer valued function on |P| that is independent of c and determines A. In fact, since this function is invariant under the R >0 scaling action, it is uniquely determined by its germ at the origin. Based on this, we will identify Z fan * (P) with germs of integer valued functions at the origin 0 ∈ P in the rest of this section.
If X is a rational polyhedral space, we define the group Z k (X) of tropical k-cycles on X as the group of integer valued function A : X → Z for which every germ A x is a tropical fan k-cycle on LC x X. As this condition is local, the presheaf
is a sheaf, which we will denote by (Z X ) k . It follows from the definition that (Z X,x ) k ∼ = Z fan k (LC x X) for all x ∈ X.
If X is a tropical manifold, Z dim X (X) is freely generated by the cycle [X] which has value 1 on a dense open subset of X. Moreover the tropical intersection products on the local cones of X induce an intersection product on Z dim X (X), making it a commutative ring with unity [X]. See [FR13, Sha13] for more details. 4.3. Cocycles tropical manifolds. To define piecewise polynomial functions and tropical cocycles on rational polyhedral spaces, we need to allow polynomials with noninteger coefficients. Let Σ be a smooth fan in N R . For each k ∈ N we denote by PP k (Σ) the group of continuous functions |Σ| → R such that the restriction to each σ ∈ Σ is given by a polynomial function of degree at most k, whose degree k-part has integer coefficients. We remark that this makes our definition different from the one used in [Fra13] .
The direct sum
is naturally a graded ring. Let LPP(Σ) be the ideal in PP(Σ) generated in degree 1 by the affine linear functions with integer slopes. It is straightforward to check that In other words, PP k (P) is the set of functions P → R that are in PP k (Σ) for some smooth fan structure Σ for P.
Remark 4.2. The advantage of considering PP * (P) in favor of PP * Z (P) is that for φ ∈ PP k (P) and p ∈ P the germ φ p can be identified with the germ of an element of PP k (LC p P), which is not true in general for an element of PP k Z (P) because the expansion of a homogeneous polynomial with integer coefficients around a point with non-integer coordinates will in general neither be homogeneous, nor have integer coefficients. This distinction has not been made in [Fra13] , leading to a minor inaccuracies in the definition of tropical cocycles in loc. cit.
If X is a rational polyhedral space we define PP k (X) as the group of functions φ : X → R such that for each x ∈ X the germ φ x can be identified with the germ of an element of PP k (LC x X), and PP * (X) = k∈N PP k (X). Since this is a local definition, the presheaf
is a sheaf of graded rings, which we denote by PP * X . By construction, the stalk PP * X,x at x ∈ X is naturally isomorphic to PP * (LC x X). The sheaf Aff X of affine linear functions on X is a subsheaf of PP 1 X , and we denote the ideal sheaf generated by Aff X by L PP X . Definition 4.3. Let X be a rational polyhedral space, then we define the sheaf of tropical cocycles as C * X := PP * X /L PP X . Its ring of global sections C * (X) := Γ(X, C * X ) is the ring of tropical cocycles on X.
By construction, the stalk C * X,x at x ∈ X is isomorphic to PP * (LC x X)/ LPP(LC x X) ∼ = PP * Z (LC x X)/ LPP Z (LC x X) and hence (Z X,x ) * is an C * X,x -module. It is easy to check that this makes (Z X ) * a sheaf of C * X -modules. Indeed, since C * X,x is generated in degree 1, it suffices to show that the pairings C 1 
Proof. As discussed above, we have
where the direct limit is over all smooth fan structures Σ for L. The action of lim − →Σ:|Σ|=L R * (Σ) on lim − →Σ:|Σ|=L Hom Z (R * (Σ), Z) is induced by the compatible actions for the fans Σ appearing in the direct limit, of R * (Σ) on Hom Z (R * (Σ), Z) defined by precomposition with the multiplication map. For each fan Σ appearing in the direct limit, the class [L] is represented by the morphism [L] Σ : : R dim L (Σ) → Z sending x σ to 1 for each σ ∈ Σ(dim L). By Theorem 3.7, [L] Σ is an isomorphism, and another application of Theorem 3.7 shows that morphism
is an isomorphism. Since multiplication with [L] Σ is an isomorphism for all fans Σ appearing in the direct limit, it follows immediately that multiplication with [L] is an isomorphism as well, finishing the proof. is an isomorphism of rings.
Proof. The morphism is defined locally, that is it is obtained by taking the global section of the morphism of sheaves
It thus suffices to show that this is an isomorphism on stalks, that is that for each x ∈ X the induced morphism C * X,x → (Z X,x ) * is an isomorphism. But this morphism can be naturally identified with the morphism PP * (LC x X)/ LPP(LC x X) → Z * (LC x X), α → α · [LC x X] , which is an isomorphism by Lemma 4.4. To finish the proof, we need to show that the morphism C * X → (Z X ) * from above is a morphism of sheaves of rings, where the multiplication on (Z X ) * is the tropical intersection product. Since C * X is generated in degree 1, it suffices to show that tropical intersection products respect intersections with piecewise linear functions, which has been done in [FR13, Theorem 4.5].
We can use Theorem 4.5 to define pull-backs along arbitrary morphisms of rational polyhedral spaces if the target is a tropical manifold. For this we note that a morphism f : X → Y between such spaces is a continuous map that pulls back functions in Aff Y to functions in Aff X . Any such morphism pulls back piecewise polynomial function on Y to piecewise polynomial functions on X, so we obtain a pull-back morphism f −1 C * Y → C * X of sheaves of rings, which defines a ring morphism f * : C * (Y ) → C * (X) between the rings of tropical cocycles. Proof. First note that if f * : Z * (Y ) → Z * (X) satisfies the given conditions, then
for all c ∈ C * (Y ). Since C * (Y ) c → c · [Y ] ∈ Z * (Y ) is surjective by Theorem 4.5, this shows that f * is unique. For existence, we can define f * as the composite
where the first morphism is the inverse of C * (Y ) c → c · [Y ] ∈ Z * (Y ), which exists by Theorem 4.5. It follows directly from this definition that f * [X] = A. To check that it
